Abstract: With fairness consideration, optimal linear precoding designs for multi-color, multi-user visible light communication (VLC) systems are presented in this paper. Utilizing both the spatial and multi-color resources, the precoding designs are proposed to mitigate the impact of the multi-user interference (MUI) and the multi-color crosstalk. With the constraints of chromaticity, luminance, and signal range, the precoding designs are formulated to achieve the max-min fairness and the maximum sum-rate. Since the closed-form expression for the capacities is not available, the lower and upper bounds are chosen as the performance criterions. To make the optimization problems be easy to be solved by using standard optimization packages, the non-convex problems are cast into convex ones. Subsequently, algorithms are developed to find optimal solutions. Extensive simulation results indicate that the proposed precoding schemes outperform the conventional pseudo inverse method.
Introduction
Nowadays, visible light communication (VLC) technology using white light-emitting diodes (LEDs) has attracted tremendous attention in the world. Along with the rising and vigorous development of light-emitting diode (LED) lighting industry, VLC technology has been viewed as a potential solution to provide simultaneous indoor illumination and wireless data transmission due to its wide bandwidth and immunity to interference from electromagnetic sources [1] [2] [3] [4] [5] [6] . Especially, due to the high security of VLC technology, it has been attractive for some special applications in electromagnetic-sensitive environments such as hospitals, airplanes, and the underground mining industry. Not only indoor communications, VLC also can render valuable services in many other application fields, e.g., indoor localization; device-to-device (D2D) communication with LCD screens or camera sensors; traffic control between traffic lights and vehicles or traffic signals between vehicles; and underwater wireless communications [7] [8] [9] [10] .
In VLC systems, there are two common types of white LEDs used for illumination: Phosphor-converted LEDs (pc-LEDs) and multi-chip LEDs [11] . Due to the limited modulation bandwidth of pc-LED, we consider multi-chip LEDs as the transmitter. Multi-chip LEDs exploit three or more LED chips to emit different monochromatic lights and mix them together according to the predefined ratio to produce white light, i.e., red-green-blue (RGB) LEDs [12, 13] . What is more, the different monochromatic lights can be collaboratively used to transmit different data which improves the data rate of VLC systems [14] [15] [16] [17] [18] .
To further increase the data rates, another method is multiple-input multiple-output (MIMO), which exploits the spatial multiplexing gain [19] [20] [21] [22] [23] [24] [25] . In these studies, the VLC networks are often regarded as broadcast networks, where multiple LEDs simultaneously serve multiple users. However high inter-channel interference (ICI) in VLC systems will degrade much of the performance. To mitigate the effect of ICI, precoding techniques are applied, which are extensively investigated in radio frequency (RF) broadcast channels [26] [27] [28] [29] .
It should be mentioned that adoption of those precoding techniques for VLC is not straightforward. For VLC systems, both communication performance and lighting quality should be taken into consideration. Considering the real and non-negative signal constraint in VLC systems, some optimal precoding design with either mean square error (MSE) or zero-forcing (ZF) criterion have been reported [30] [31] [32] [33] [34] [35] . As the different monochromatic lights are collaboratively used to transmit different data, luminance constraint and color constraints should be taken into account additionally [36] [37] [38] [39] [40] [41] [42] . In case of single-PD receivers, the multi-user VLC systems for each user are regarded as MISO systems. In multi-color multi-user VLC systems, each user carries multi-color receivers and optical filters to separate each single-light. The VLC systems for each user are no longer MISO systems but MIMO systems.
In this paper, we firstly establish the system model of a multi-color multi-user VLC system. Then optimal precoding schemes are proposed with respect to lower and upper capacity bounds for the max-min fairness and the maximum sum-rate criterions, respectively. In the optimization problems, the chromaticity, luminance, and signal range constraints are all taken into consideration. To make these non-convex optimization problems be easily solved by CVX toolbox, a Matlab optimization software package to obtain the optimal solutions [43] , we cast them into convex ones. The main contributions of this work are summarized as follows.
• Unlike the single color VLC system, chromaticity constraint is taken into consideration, which we use correlated color temperature (CCT) to describe. Simulation results show that the CCT value has significant impact on the performance of the system. • Due to that each user is equipped with multi-color receivers, the system should be regarded as a MIMO system for each user. This makes the channel matrix and the objective function of the optimal precoding design more complicated than other VLC systems.
•
With slack variables and Taylor expansions, we cast the non-convex optimization problems into convex ones. Correspondingly the algorithms to find optimal solutions are developed.
Multi-Color Multi-User VLC Network Model
We consider a multi-color multi-user indoor VLC broadcast network. The network adopts N T multi-color LEDs as transmitters, which jointly serve K users simultaneously by means of precoding techniques. In the network, we assume that there are N c = 3 kinds of colors {r, g, b}. Here we use the notation c denotes the color number, where c = 1 means the red color, c = 2 means the green color, and c = 3 means the blue color. Each user is equipped with N c photodiode (PD) receivers and N c color optical filters to separate each single-light. For each user, the system can be regarded as a MIMO system, in which there are N c · N T antennas used as transmitter and N c antennas used as receiver. In this paper, we assume that there is uplink channel and the channel matrix is known by transmitters.
Lambertian Model
In general, a multi-color LED is assumed to be a Lambertian emitter. Here, we merely consider the line-of-sight (LOS) component [19] . For the i-th LED, as the multi-color chips are packed at the same LED, the distance between them is negligible compared to the distance between the LED and the receiver. So we assume h i,k,r = h i,k,g = h i,k,b = h i,k . As in Figure 1 , the channel gain between the ith LED and kth user is determined by
where φ i,k is the angle of irradiance, ψ i,k is the angle of incidence, and m 0 is the order of the Lambertian emission defined as m 0 = − ln 2
, where Φ 1/2 is the semi-angle at half power of an LED. D i,k depicts the distance between the ith LED and kth user. Each receiver consists of an optical concentrator, followed by a PD. Ψ F represents the width of the field of vision (FOV) at a receiver. µ is the responsivity of the PD. The effective receiver area of the detector A R is given by
where δ denotes the optical concentrator refractive index and A PD denotes the physical detection area of the detector. If there is perfect optical filter which can separate light completely, the electrical-optical-electrical (EOE) channel gain matrix for each color between LEDs and all users can be expressed as
Precoding Model and Broadcast Transmission
Let d k,c ∈ R be the data symbol that is intended to kth user's cth color. It is assumed that d k,c ∈ R is zero-mean, and without loss of generality, is normalized to the range of [−1, 1] [24] . The elements in the data vector for all users can be sorted
, where d c ∈ R K×1 is the data vector in cth color and
We assume that x = x T r , x T g , x T b T denotes the transmitted signal vector, where
Let F ∈ R (N c ·N T )×(N c ·K) be the precoding matrix. Figure 2 is used to describe the schematic diagram of precoding model at i-th LED. In Figure 2 , F i,K denotes the element at the i-th row and K-th column of the matrix F. Then we can get
where I DC denotes the DC-bias vector to ensure the non-negativity of the input signal to LEDs. Since E [F · d] = 0, the signal part F · d does not affect the average illumination level of the LEDs. Instead, it is uniquely determined by the DC-bias I DC . Under the assumption that there is perfect optical filter which can separate light completely, for c-th color, as in (3), the received electrical signal vector can be written as
where
T and y k,c denotes the received signal at the k-th user's c-th color.
n c denotes the additive white Gaussian noise (AWGN) following the distribution of N 0, σ 2 I c . However, it should be mentioned that each color of the LED has a wide spectrum and they have overlapping each other. Eventhough each user is equipped with N c color optical filters, the color filters cannot separate light completely. Therefore, in a practical system, light through color filters contains the desired light and interference light. Here we use ξ ∈ [0, 0.5) to characterize the interference ratio [44] . We assume that the signal leakage only occurs between two neighboring color bands due to their close frequencies. So the received electrical signal vector for each color can be written as
, the received electrical signal vector can be written as
For the convenience of expression, we let L = Nc × K. Then we can replace the subscript k and c with the subscript l ∈ [1, L]. Then the data vector and the received electrical signal vector can be rewritten as
where l/K = c denotes the number of the color, l − K · (c − 1) = k denotes the number of the user, and · denotes round down operator. Then the element of the received electrical signal vector can be given by
where H l denotes the lth row of H, F l denotes the lth column of F. As seen in (15), the first term
is the multi-user interference (MUI).
The third term I DC represents the DC current. After removing the DC current by AC coupling and removing the MUI via ZF precoders, the received signal can be written by 
Generalized Inverse and Pseudo Inverse
The ZF precoding algorithm aims to completely remove the MUI via the construction of the precoder F, i.e.,
In other words, we can rewrite the ZF constraint in (17) as
whose q l represents the channel gain of the l-th sub-channel. The precoding matrix F can be expressed in the form
where H − denotes the generalized inverse of H, which can be any matrix that satisfied HH − H = H. Generally, the generalized inverse is not unique. In RF systems, the pseudo-inverse
is the optimum precoder under the total average power constraint [26] . The pseudo-inverse is one of the special generalized inverse, but not necessary to be the optimal one in VLC systems because of the different signal constraint.
Problem Formulation

Illumination and Communication Constraints
Chromaticity Constraint
For the cth color of the ith LED, let the luminous flux be L i,c and λ c · L i,c = I DC,i,c , where λ c is the constant coefficient to convert the luminous flux to the forward current. The chromaticity coordinate of the single-color light is (x i,c , y i,c ). We assume that all of the LEDs are the same and (x i,c , y i,c ) = x j,c , y j,c = (
The ith LED's desired chromaticity coordinate of the mixed light (x i ,ŷ i ) are changed with the CCT value. It can be computed by using the relationship below [45] 
T is the average luminous flux vector of ith LED, a = 
Luminance Constraint
In order to keep satisfactory light intensity perceived by human eyes, we set the power constraint for the design as
where P o represents the total average luminous flux of the multi-color LED.
Signal Range Constraint
To guarantee normal operation of the LEDs and avoid the overheating of the LEDs,
where I MAX,i,c is the highest current level of the cth color chip of the ith LED. From (6), and since
where · 1 denotes the L 1 norm operator.
[F] mj,: denotes the mjth row of F. mj/N T = c denotes the number of the color. mj − N T · (c − 1) = i denotes the number of the LED. mj ∈ [1, N T · N c ].
The Objective Function
Considering ZF criterion and the above signal constraints, the goal of the precoding design is to find F that maximize a performance measure, i.e.,
where f is the objective function that represents the performance measure of interest. Obviously, criterions such as α-Fair fairness can be used to measure the system performance [46] [47] [48] [49] [50] [51] . However, the conclusion about how to allocate resources can not directly used in VLC systems due to the special constraints in (20) (21) and (23). Here we consider two typical performance measures-the max-min fairness and the maximum sum-rate criterions [32, 35, 52] . Research of the considered problem under the tradeoff between fairness level and sum rate is left for future work.
(i) Sum rate:
(ii) Max-min fairness:
where C k denotes the rate of the kth user, C k,c denotes the rate of the kth user's cth color. For the closed-form expression for C l is not available, we rely on the lower and upper bounds of C l developed as following:
As in (16), for lth user, the channel can be considered as a additive noise channel. For the lower bound, we can use the Entropy Power Inequality [53, 54] as
As d l is normalized to the range of
Without loss of optimality, it is assumed that H l F l ≥ 0 as the sign of F l has no effect on the objective function and constraints. According to the maximum entropy theorem [55] , the uniform distribution can achieve the maximum entropy. Therefore, we assume that d l is uniformly distributed over [−1, 1]. The lower bound can be given as
An upper bound for the capacity of a scalar Gaussian channel with an amplitude constraint as in (16) is given by [56] 
Optimization Solution
In this section, we use the two typical performance measures in (25) and (26) as the optimization objective and cast the non-convex optimization problems into convex ones. Considering different bounds in (28) and (29) , there are four optimization problems totally.
Max-Min Fairness
Lower Bound
For the max-min fairness criterion and the lower bound in (28), the problem can be written as
It should be noted that the above problem is not a convex optimization problem with respect to F l due to the non-convexity of the objective function. Due to the complex expressions in the objective function and the constraints, searching an global analytical solution is generally difficult and need much computational complexity. We therefore attempt to study a sub-optimal solution by finding a local optimality. Here, we introduce slack variables Q and λ l . Then let H l F l = √ q l . The problem in (30) can be written as maximize F Q subject to
It can be seen that the objective function of the above problem is now concave. However, due to that HF is affine and diag √ q 1 · · · √ q L is concave, the first constraint is not convex.
The convex-concave procedure (CCCP) can be used to find a local optimal solution [57, 58] . At the ith iteration of the procedure, we approximately linearize the concave term √ q l by using its Taylor expansion as q
, where q 
The iterative algorithm for solving the problem in (32) is described in Algorithm 1.
Upper Bound
The max-min optimization problem with the use of the upper bound (29) can be written as
subject to Update q
by solving the problem in (32) using CVX toolbox. 4 :
5: end while 6: Output: The optimal linear precoding matrix F.
To solve the above problem, we use an iterative approach. In particular, we iteratively optimize F and α l while fixing the other variable. When F is fixed, problem reduces to
Obviously, the optimal solution for problem in (34) can be achieved when each summand f (α l ) of the objective function is maximized. When α l is fixed, we introduce slack variable Q and the problem in (33) reduces to maximize F Q subject to
The above problem is a convex optimization problem with respect to F. Therefore it can be solved using CVX. The proposed iterative algorithm for problem in (33) is summarized in Algorithm 2.
Maximum Sum Rate
For the maximum sum rate criterion and the lower bound in (28), the optimization problem can be written as Update α (i) l given F (i−1) by solving problem in (34) using golden-section method.
4:
With the obtained α
l , solve the problem in (35) to update F (i) by using CVX toolbox. 5 :
6: end while 7: Output: The optimal linear precoding matrix F (i) .
For the upper bound in (29) , the optimization problem can be written as
As in (36) and (37), the difference between the sum-rate maximization problem and the max-min fairness optimization problem is the difference between the sum operator ∑ K k=1 (·) and the min operator min 1≤k≤K (·). Since the sum operator do not change the concavity and convexity of functions. The same solution in Sections 4.1.1 and 4.1.2 can be used for the sum-rate maximization problem without introducing the slack variable.
Simulation Results
In this section, we present comprehensive simulation results to illustrate the theoretical analyses of the max-min fairness and the maximum sum-rate performances. Figure 3 shows the geometrical configuration of the considered multi-color multi-user VLC system, which consists of 4 RGB LEDs (Cree Xlamp MC-E). Each LED consist of three LED chips which employ red/green/blue lights to transmit information individually. The length, width, and height of the room is respectively 5 m, 5 m, and 3 m. For convenience, a Cartesian coordinate system whose the origin is the center of the floor is used for specifying the positions of users and the LEDs. The noise power spectral density is set to be 1.2 × 10 −21 A 2 /Hz which is within an order of magnitude specified in [59] . In addition, we assume that the same modulation bandwidth of 15 MHz for all colors. The total luminous flux ranges from 10 lm to 200 lm [41] . Table 1 . Furthermore, all analytical results are obtained by averaging 1000 different positions of users are uniformly placed on the receive plane which is 0.5 m above the floor. In Figures 4 and 5 , we firstly compare our precoding design with the pseudo inverse, which is the optimum precoder under the total average power constraint in RF systems [26] . In the comparisons, both the max-min fairness and the maximum sum-rate are considered when the CCT value is set as 6500 K. The number of uses is 2 and Φ 1/2 = 60 • . Firstly, we can see that the upper bound and the lower bound in each group asymptotically converge at high luminous flux. This is consistent with that the lower bound in (28) and the upper bound in (29) asymptotically converge at high value of H l F l [35] , which help prove the valuableness of the sub-optimal solution in terms of the simulation results. Based on above analysis, we have revised the paper as follows. Secondly, the proposed precoding design performs better than the pseudo inverse in all cases. The max-min fairness gap between the proposed precoding design and the pseudo inverse is about 0.36 nats/s/Hz at the high luminous flux. And the maximum sum-rate gap between the proposed precoding design and the pseudo inverse is about 0.65 nats/s/Hz. Luminous Flux (lm) Figures 6 and 7 presents the max-min fairness and the maximum sum-rate versus the total luminous flux with different CCT values. The number of uses is 2 and Φ 1/2 = 60 • . It is observed that the convergence of the different bounds derived from (28) and (29) is relevant to the CCT values. Especially at the low luminous flux, the larger CCT value has better convergence effect. What's more, higher data rate can be achieved with larger CCT value. The max-min fairness gap between the 6500 K and 2700 K is about 1.53 nats/s/Hz at the high luminous flux. The maximum sum-rate gap between the 6500 K and 2700 K is about 3.06 nats/s/Hz. Figures 8 and 9 presents the max-min fairness and the maximum sum-rate versus the total luminous flux with different numbers of users. The CCT value is set as 6500 K and Φ 1/2 = 60 • . As in Figure 8 , the maximum minimum user rate decreases with increasing of the numbers of users. In Figure 9 , we can see that double numbers of users can not double the maximum sum-rate. The reason is the increasing of the numbers of users amplifies the impact of the ICI. Figures 10 and 11 presents the max-min fairness and the maximum sum-rate versus the total luminous flux with different semi-angles at half power. The CCT value is set as 6500 K and the number of uses is 2. Here, we use the semi-angle at half power to describe the overlapping degree of transmitters. The simulation results show that the semi-angle at half power has a significant impact on both the max-min fairness and the maximum sum-rate. The max-min fairness gap between the Figure 11 . Maximum sum-rate with different semi-angle at half power.
Conclusions
In this paper, we have studied the optimal linear precoding designs for the multi-color multi-user VLC system. Unlike previous studies, optimal linear precoding designs have been designed in accordance with specific lighting quality constraints and specific system model, which are different from precoding designs for the single-color VLC system. Because of the non-convexity of the optimization problems, slack variables and CCCP have been studied and corresponding algorithms have been developed to find optimal solutions. Various simulation results have been presented to verify the proposed optimal algorithms. The performance with respect to CCT value, number of users and semi-angle at half power have shown the importance of these factors in precoding designs of multi-color multi-user VLC systems. It has been shown in the simulation experiments that the proposed precoding scheme outperforms the conventional pseudo inverse method.
